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Abstract 

Kauffman's bracket is an invariant of regular isotopy of knots and links which since its discovery 
in 1985 it has been used in many different directions: (a) it implies an easy proof of the invariance 
of (in fact, it is equivalent to) the Jones polynomial; (b) it is the basic ingredient in a completely 
combinatorial construction for quantum 3-manifold invariants; (c) by its fundamental character it 
plays an important role in some theories in Physics; it has been used in the context of virtual links; 
it has connections with many objects other objects in Mathematics and Physics. I show in this note 
that, surprisingly enough, the same idea that produces the bracket can be slightly modified to produce 
algebraically stronger regular isotopy and ambient isotopy invariants living in the quotient ring R/I, 
where the ring R and the ideal / are: 

R = Z[a,/3,S\, I=< pi,p 2 >, with pi = a 2 S + 2af3S 2 - S 2 + f3 2 8, p 2 = af38 3 + a 2 8 2 + p 2 8 2 + a/38 - 8. 

It is easy to prove that any pair of links distinguished by the usual bracket is also distinguishable 
by the new invariant. The contrary is not necessarily true. However, a explicit example of a pair of 
knots not distinguished by the bracket and distinguished by this new invariant is an open problem. 

1 The brackets ( D ) and [D] of a link diagram D 

(1.1) Definition. Kauffman's bracket maps a link diagram D to ( D) S Z[a _1 ,o;] and is characterized 
by the following properties: 

(i)(0) = i, (ii) (fluO) = K 2 -« 2 M (iii) ( X >=«()( >+«- 1 <X>- 

In this definition, O is a diagram of the unknot with no crossing, fl U O is a diagram consisting of 
the diagram D together with an extra closed curve O that contains no crossing at all, either with itsef 
of with D. In property (iii) the three link diagrams are the same except near the crossing where they 
are smoothed in the way shown, bserve that the crossing at the left of (iii) is not invariant under a 90° 
rotation and thus A and A -1 at its right can not be interchanged. The bracket polynomial of a link 
diagram with n crossings can be calculated by expressing it as the sum of 2" diagrams with no crossing 
by using (iii). By (i) and (ii) it follows that a link diagram with k components without crossings has 
(— a~ 2 — a 2 ) k ~ 1 as its bracket polynomial. 

As a matter of fact, the bracket is designed to be blind under Rcidcmcister move of type II, namely: 
( )o/ ) = ( X). Let the free variables a /?, 8 satisfy (DUO) = S(D) and ( X ) = «( )()+/?( X )■ Wc 
seek restrictions on these variables to make ( )©( ) = ( X) true. Consider the expansion: 

<>=<>=«< A>< > +/?< )o< ) = a 2 ( )0( ) +a/?< )C< ) + (5a ( )o( ) ( )c< ) = 
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By making (a) (3 = a -1 and (b) 5 = —A~ 2 — A 2 and normalizing it to satisfy (O) = 1, we get the bracket, 
which is insensitive under Reidemeister move II. A wonderful feature of this scheme is that invariance of 
the bracket under Reidemeister move III is for free and it behaves multiplicativcly under Reidemeister 
moves I: ( o{ ) = — a 3 ( () and ()o ) = — a 3 ( )). Sec Chapter 3 of Lickorish's book[10] or the Kauffman's 
original paper [3]. Because of the simple behavior of ( ) under move I, to obtain an ambient isotopy 
invariant of links just define [D] = (~a 3 )~ w ( D ' > (D). 



2 The brackets (D)s and [D] 3 of a link diagram D 

My inspiration for this work comes from King [8]. The basic observation is that the above assignments 
are too restrictive. Another line of thought provides invariance of moves II and III under less restrictive 
assumptions than (a) and (b). The idea is to consider the exterior of a crossing and fully expand it. 
Then we get a more intimate relationship among the three variables. In fact, after fully expanding the 
complement of a pair m of crossings forming the left side of a move II in a link diagram D, there are well 
defined polynomials D" 1 = (D\m)i(a, j3, 6), D™ = (D\m) 2 (a, /?, 6) £ Z[a, /?, 7] such that the exterior is 
expressible as the sum of two 2-tangles: 

Ext(m,D) = (Uh = DT(X)3 + D?() <> 3 . 

Consider also the two 2-tangles coming from the expansion of m minus the horizontal 2-tanglc (the right 
side of move II): 

(m) - ( X>3 = (X) - < X>3 =(a/3 - 1) ( X >3 + {o? + (3 2 + a(38) ( )( ) 3 . 

By matching the corresponding output lines in the product of the above 2-tangles we get the polyno- 
mials which must be zero to make move II unseen by the new bracket: 

= {a(3 - 1)D? ( eg > 3 + (a/3 - 1)D? ( §B ) 3 
+ {a 2 + f3 2 + a 13 5)D™ ( >3 + (a 2 + P 2 + a(3S)D 2 n ( ^0j> ) 3 = 

(a(3 - l)<J 2 .Df + (a/3 - 1) S + (a 2 + f3 2 + af38) 6 D" 1 + {a 2 + (3 2 + a (3 8) S 2 = 
[(a/3 - 1) S 2 + (a 2 + (3 2 + a(3S) 6]D? + [(a/3 - 1) 6 + (a 2 + (3 2 + a (3 6) & 2 ]D% . 

Define 

p x = (a/3 - 1)<5 2 + (a 2 + f3 2 + a f3 5) 5 = a 2 5 + 2a(35 2 - S 2 + (3 2 S, 

and 

P2 = (a/3 -1)6 + (a 2 + (3 2 + a f3 6) S 2 = af38 3 + a 2 5 2 + (3 2 8 2 + a/36 - 5. 

If pi and P2 are zero, then move II is unseen by ( ) 3 . The algebraic variety defined by the solution set of 
the polynomial system of equations consisting of these two polynomials has 33 branches (easily obtained 
with Mathematica™ [TT] ) : 



soli = {13 
S0I2 = {5 - 



{5- 

{s- 
{s- 

{P- 
{V- 
{fi- 

solg = {0 - 

sol w = {(3 
soln = {(3 
sol 12 = {(3 
so/12 = {P 



sol 3 
soli 
sol§ 
sole 
S0I7 
sols 



a ' 

-1,(3- 
-L/3 

1,0- 



f-1,5 
-1,6- 
^1,6 
-1,6- 



a-i}, 
a + i}, 
a-1}, 

- a}, 
+ -l,a 

-1,Q - 

■» 1, a - 
1, a — > 



- (-l) 5/6 h 
-(-1) 5/6 }, 
(-l) 2/3 }> 
-(-1) 2/3 }, 
-i- ^1,6^-1, a -^-^1}, 

i-^=T,<y-> -l,a-*-^T}, 
2i - ^=1, 6 -> -1, a -» (-1) 5/6 }, 
-i + y=T, S -> -1, a tf-T}, 
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sol 13 


= {P 


solu 


= {P 


soh 5 


= {P 


sol w 


= {P 


soln 


= {P 


soh$ 


= {P 


sol w 


= {P 


soho 


= {P 


S0I21 


= {$ 


S0I22 


= {S 


S0I23 


= {S 


sol 2 4 


= {s 


S0I25 


= {S 


sol 2 e 


= {S 


S0I27 


= {S 


sol 2 8 


= {s 


S0I29 


= {$ 


sol 30 


= {S 


sol 31 


= {S 


sol 32 


= {S 


so/33 


= {S 



^ -2i+ -^=1,6^-1, a ^ -(-I) 5 / 6 }, 
-1- f/=l,5^ l,a-> \f-L}, 
1 - V=l,5^ 1, a #=l}, 
2-<f=l,6^1,a^ (-I) 2 / 3 }, 
._2 + ^=i, -(-I) 2 / 3 }, 
■-H-^=l,*->l,a!-> -^1}, 
•l + -y=l,*->l,a -> -v'-T}, 
-l,/3- 
-l,/3- 
-l,/3 



-> — 2i, a — > — £}, 
-> 2i, a — ► i}, 
-> i - ^=T, a -> - 
* — — »• — i + v^T," - 
(-l) 5 / 6 ,a- 
— ► -i+ (-l) 5/6 ,a 
l,/3-> -2,a-> 1}, 
l,/?-* 2,a-> -1}, 

— ► 1- ^T.a-* ^ 
l,/3 -> -1 + -> 
l,/3 ^-l-(-l) 2 / 3 ,a- 
1,0 -^l + (-l) 2 /3, a ^ 
0}. 



-1}, 

-(-I) 5 / 6 }, 
(-1) 5/6 }, 



-1}, 

- (-1) 2/3 }, 
-(-1) 2/3 }, 



The first of these branches corresponds to the usual bracket. Let I be the ideal of R = Z[a,f3,8] 
generated by Pi,P2, that is, I = (pi,P2). 

(2.1) Theorem. The class I + (D) 3 6 R/I is a regular isotopy invariant of the link diagram D. 

Proof. The invariance under Reidemeister move II has been established in the above discussion, because 
the hypothesis makes the expression to become zero for arbitrary polynomials D™(oi, /3,6), i = 1,2. The 
invariance under move III holds exactly as in the case of the simple bracket, see |10j . □ 

There exists a very simple Grobner basis (PQ) for the ideal / in the lexicographic ordering of the 
monomials with the 3 variables taken in the order a > p > 8 is given by = (qi , q% , q 3 ). The q 
polynomials are: 

qi = 5 3 p 4 - 5p 4 + S 4 p 2 - S 2 p 2 + S 3 - S, 
q 2 = PS 4 + P 3 S 3 + aS 3 - PS 2 - p 3 5 - aS, 
q 3 = 5a 2 + 2p5 2 a - S 2 + P 2 S. 

Note that (qi, q 2 , q 3 ) = I = {pi,P2)- An important property of Grobner basis for an ideal J is that each 
class J + p has a distinguished representative which depends on the Grobner basis, on the monomial 
ordering and on an ordering of the variables ([1]). Such a normal form or reduced polynomial is very 
quick to compute. Henceforth we define (D} 3 to mean this distinguished element of I + (D) 3 , modulo 
in the lexicographic monomial ordering relative to the choice a > P > 5. The behavior of (D} 3 under 
Reidemeister moves I are also fairly simple: 

( ^>3 = ((PS 2 +a5) (> 3 and (>0 ) 3 = ( (aS 2 + pS) ) ) 3 

(2.2) Theorem. Assume the link diagram D has non-negative writhe w. Then, [D] 3 = (( aS 2 +PS) W D ) 3 
is an invariant of the ambient isotopy class of D . If the writhe is negative, then [D] 3 = ( (PS 2 +aS)~ w D ) 3 
is an invariant of the ambient isotopy class of D. 

Proof. By introducing \w\ curls of the opposite sign of sgn(w) we normalize the links to have writhe 
zero, and the Theorem follows. □ 

(2.3) Conjecture. There exist pairs of links distinguished by [D] 3 and not by [D] . 
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